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Abstract. In this article we apply a recently established transference princi- 
ple in order to obtain the boundedness of certain functional calculi for semi- 
group generators. In particular, it is proved that if —A generates a Co- 
semigroup on a Hilbert space, then for each r > the operator A has a bounded 
calculus for the closed ideal of bounded holomorphic functions on a (suffi- 
ciently large) right half-plane that satisfy f{z) = 0(e^^^°(^)) as \z\ — > oo. 
The bound of this calculus grows at most logarithmically as r \ 0. As a con- 
sequence, f{A) is a bounded operator for each holomorphic function / (on a 
right half- plane) with polynomial decay at oo. Then we show that each semi- 
group generator has a so-called (strong) m-bounded calculus for all m G N, 
and that this property characterizes semigroup generators. Similar results arc 
obtained if the underlying Banach space is a UMD space. Upon restriction 
to so-called 7-bounded semigroups, the Hilbert space results actually hold in 
general Banach spaces. 



1. Introduction 

Roughly speaking, a functional calculus for a (possibly unbounded) operator A 
on a Banach space X is a "method" of associating a closed operator f{A) to each 
/ = f{z) taken from a set of functions (defined on some subset of the complex 
plane) in such a way that formulae valid for the functions turn into valid formulae 
for the operators upon replacing the independent variable z by ^. A common way 
to establish such a calculus is to start with an algebra of "good" functions / where 
a definition of f{A) as a bounded operator is more or less straightforward, and 
then extend this "primary" or "elementary calculus" by means of multiplicative 
"regularization" (see ^ Chapter 1] and [7]). It is then natural to ask which of the 
so constructed closed operators f{A) are actually bounded, a question particularly 
relevant in applications, e.g., to evolution equations, see for instance [HITl]. 

The latter question links functional calculus theory to the theory of vector- valued 
singular integrals, best seen in the theory of sectorial (or strip- type) operators with a 
bounded H°°-calculus, see for instance [13j. It appears there that in order to obtain 
nontrivial results the underlying Banach space must allow for singular integrals to 
converge, i.e., be a UMD space (or better, a Hilbert space). Furthermore, even if 
the Banach space is a Hilbert space, it turns out that simple resolvent estimates 
are not enough for the boundedness of an H°°-calculus [6l Section 9.1]. 
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However, some of the central positive results in that theory — Mcintosh's the- 
orem [15], the Boyadzhiev-deLaubenfels theorem |3j and the Hieber-Priiss theo- 
rem [TD] — show that the presence of a Co-group of operators does warrant the 
boundedness of certain H°°-calculi. In 8 the underlying structure of these results 
was brought to light, namely a transference principle, a factorization of the oper- 
ators f{A) in terms of vector- valued Fourier multiplier operators. Finally, in [9] it 
was shown that Co-semigroups also allow for such transference principles. 

In the present paper, we develop this approach further. We apply the general 
form of the transference principle for semigroups given in ^9^ in order to obtain 
bounded functional calculi for generators of Co-semigroups. These results, in par- 
ticular Theorems 13.31 [3771 and l4.31 are proved for general Banach spaces. However, 
they make use of (subalgebras of) the analytic Lp(M; X)-Fourier multiplier algebra 
(see (|2.ip below for a definition) , and hence are useful only if the underlying Banach 
space has a geometry that allows for nontrivial Fourier multiplier operators. In case 
X = H is SL Hilbert space one obtains particularly nice results, which we want to 
summarize here. (See Section |4] for the definition of a strong m-bounded calculus.) 

Theorem 1.1. Let ~A be the generator of a bounded Co-semigroup (r(t))tgK+ on 
a Hilbert space H with M :— sup^gR^ ||r(t)||. Then the following assertions hold. 

a) Foroj <0 and f e H°°(R„) one has f{A)T{T) e C{H) with 

\\f{A)TiT)\\<c{T)M^\\f\\^^^^^^, 

where c(t) = 0(|log(T)|) as t \ 0, and c{t) = 0{1) as t ^ oo. 

b) For a > and Re A, w < there is C > such that 

||/(A)(A -A)-" II <CM2 

for all f e H°°(R^). In particular, dom(A") C dom(/(A)). 

c) A has a strong m-bounded -calculus of type for each m £ N. 

For a) and b) see Corollarv l3.10[ for c) Corollarv 14.41 Part a) generalizes a result 
by Hans Zwart from |18| which was the starting point of the current work. 

For X a UMD space one can derive similar results, stated in Section [5] In 
Section|6]we extend the Hilbert space results to general Banach spaces by replacing 
the assumption of boundedness of the semigroup by its ^ -boundedness, a concept 
strongly put forward by Kalton and Weis [12]. In particular. Theorem 11.11 holds 
true for 7-bounded semigroups on arbitrary Banach spaces with M the 7-bound of 
the semigroup. 

Notation and terminology. We write N := {1,2, . . .} for the natural numbers 
and IR.+ := [0, 00) for the nonnegative reals. The letters X and Y are used to 
denote Banach spaces over the complex number field. The space of bounded linear 
operators on X is denoted by C{X). For a closed operator A on X its domain is 
denoted by dom(yl) and its range by ran(A). The spectrum of A is a{A) and the 
resolvent set p{A) <C\a{A). For all z G p{A) the operator R{z, A) := (z — A)^^ G 
C{X) is the resolvent of A at z. 

For p G [1, 00], L''(K; X) is the Bochner space of equivalence classes of X-valued 
p-Lebesgue integrable functions on R. The Holder conjugate of p is p' defined by 
1 i = 1. The norm on Lp{R;X) is usually denoted by |H|p. 

For w G M and z G C we let e^{z) := e'^\ By M(M) (resp. M(K+)) we denote the 
space of complex- valued Borel measures on R (resp. R+) with the total variation 
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norm, and we write Mtj(]R+) for the distributions /i on R+ of the form /i(ds) = 
e"*j^(ds) for some v G M(M+). Then Mtj(IR+) is a Banach algebra under convolution 
with the norm 

IImIIm^(k+) •= II'5-'-'MIIm(k+) ■ 

For /i e Maj(E+) we let supp(^) be the topological support of e-uifi- A function 
g such that e-ujg G L^(IR+) is usually identified with its associated measure ^ G 
Mcj(K+) given by fi{ds) = g{s)ds. Functions and measures defined on R+ are 
identified with their extensions to R by setting them equal to zero outside R+. 

For 7^ in C open we let H°°(il) be the space of bounded holomorphic functions 
on 17, a unital Banach algebra with respect to the norm 

II/IIoo = II/IIh==(o):=sup|/(z)| (/eH-(f))). 

zen 

We shall mainly consider the case where f2 is equal to a right half-plane 

R„ := {z G C I Re(z) > u} 

for some w G M (we write C+ for Rq). 

For convenience we abbreviate the coordinate function z ^ z simply by the 
letter z. Under this convention, / = f{z) for a function / defined on some domain 

ncc. 

The Fourier transform of an X-valued tempered distribution $ on M is denoted 
by For instance, if /i G M(M) then Tfi G L°°(R) is given by 

JS. 

For w G M and ^ e M^(R+) we let fi G H°°(R„) n 0(1^), 

Kz) := / e-^''Ai(ds) (z G R^), 

be the Laplace- Stieltjes transform of ^. 

2. Fourier multipliers and functional calculus 
We briefiy discuss some of the concepts that will be used throughout this article. 

2.1. Fourier multipliers. We shall need results from Fourier analysis as collected 
in [51 Appendix E]. Fix a Banach space X and let m G L°°(M; C{X)) and p G [1, oo]. 
Then to is a bounded LP(IR; X) -Fourier multiplier if there exists C > such that 

Tra{^):=T-\m-T^)eLPiR;X) and ||r„(^)||p < C 

for each X-valued Schwartz function ip. In this case the mapping Tm extends 
uniquely to a bounded operator on LP{M.;X) ii p < oo and on Co(IR; AT) ii p = oo. 
We let ||m||^ be the norm of the operator T„ and let A^p(A) be the unital 
Banach algebra of all bounded LP(M; A)-Fourier multipliers, endowed with the norm 

\\'\\mp{X}- 

For w G R and p G [1 , oo] we let 
(2.1) AM^(R^) := {/ G H°°(R„) | f{uj + i-) G MjiX)} 

be the analytic X)- Fourier multiplier algebra on H^, endowed the norm 

II/IIam^ ■= II/IIam^(r.) - + ■ 
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Here f{uj + i-) G L°°(M) denotes the trace of the holomorphic function / on the 
boundary dKuj = + zM. By classical Hardy space theory, 

(2.2) f{uj + is) := \im f{uj' + is) 



exists for almost all s G M, with ||/(cl> + i- 



lH~(R„)- 



Remark 2.1 (Important!). To simplify notation we sometimes omit the reference 
to the Banach space X and write AMp(Ri^) instead of AMp(R^) whenever it is 
convenient 



The space AMp(R^) is a unital Banach algebra, contractively embedded in 
H°°(R„), and AMf(R„) ^ AM^(R„) is contractively embedded in AMjf(R^) for 
allp G (l,oo), cf. [i p. 347]. 

For our main results we need two lemmas about the analytic multiplier algebra. 

Lemma 2.2. For every Banach space X , all u ^M. and p G [1, oo], 



AM^(R^) = / G H°°(RJ I sup Wfioj' + i-)\\M,ix) < ^ 

with 11/11 AMj^(R^) = sup^,>^ \\f{u}' + i-)\\M„{x) for all / G AM^(R„). 
Proof. Let a; G R, p G [1, oo] and / G AMj(R^). For all uj' > uj and s G I 

f{uj + ts) = —— / — dr 



(s - r)2 + (w' - a;)2 

by [ini Theorem 5.18]. The right-hand side is the convolution oi f{uj — i-) and the 
Poisson kernel Pu^'-U^) ■ Since ||li(r) = 1, 

ll./(^' + *-)II.Mp(x) < Wfi'^ ^i-)\\M^(x) ^ II/IIam^(r^) • 
The converse follows from (|2.2p and [6^ Lemma E.4.1]. □ 

For G M(R) and p G [1, oo] we let G C{LP{R; X)), 
(2.3) L^{f):^ii*f (/GLP(M;X)), 

be the convolution operator associated to /i. 

Lemma 2.3. For each cj G M the Laplace transform induces an isometric algebra 
isomorphism from M^(R+) onto AMi(R„) = AMf(R„). Moreover, 

PIIaM^(R^) = ll-^e— A'll£(LP(X)) 

for all fi G Mi^(M+), p G [1, oo]. 

Proof. The mappings fi t-^ e-ujfi and / n> /(• + a;) are isometric algebra isomor- 
phisms Mt^(R+) M(R+) and AMp(Ri^) AMp(C+), respectively. Hence it 
suffices to let = 0. The Fourier transform induces an isometric isomorphism 
from M(R) onto Mi{X) [6, p.347, 8.]. If £ M(R+) and / = /x S H°°(C+) then 
/(«•) = J"^ G MiiX) with ||/(j-)IUi(x) = llAi|lM(R+)- Moreover, for p G [l,oo], 

ll/(*-)II.Mp(X) = sup \\j'-^{f{i-)Tg)\\ = sup ||m * ffllp = l|iMll£(Lp(x)) 

Il9llp<l llsllp<l 

If / G AMi(C+) then f{i-) = J^/i for some /i G M(R). An application of Liouville's 
theorem shows that supp(/i) C R_|_ holds, hence f — fl. □ 
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2.2. Functional calculus. We assume that the reader is famiUar with the basic 
notions and resuhs of the theory of Co-semigroups as developed, e.g., in [4], and 
just recaU some facts which will be needed in this article. 

Each Co-semigroup T = (T(t))tgR^ on a Banach space X has type {AI,u)) for 
some M > 1 and w e M, which means that ||T(i)|| < Me"* for aU t > 0. 

The generator of T is the unique closed operator ~A such that 

/"OO 

{X + A)-^x^ e-^*T{t)xdt {x e X) 

Jo 

for Re(A) large. The Hille- Phillips (functional) calculus for A is defined as follows. 
Fix M > 1 and wq e M such that T has type (M, -wo)- For ^ G M„o(M+) define 
G CiX) by 

(2.4) Tf,x:= T{t)xn{dt) {x € X). 

Jo 

If / = /i G AMi(R„(,) set f{A) := T^. (This is allowed by the injectivity of 
the Laplace transform, see Lemma [2.31 ) The mapping / i— > f{A) is an algebra 
homomorphism. In a second step the definition of f{A) is extended to a larger 
class of functions via regularization, i.e., 

f{A) ■.= e{A)-\ef){A) 

if there exists e G AMi(Rc^q) with e{A) is injective and ef G AMi(Rt^„). Then f{A) 
is a closed and (in general) unbounded operator on X and the definition of f{A) is 
independent of the choice of regularizer e. The following lemma shows in particular 
that for Ld < LdQ the operator f{A) is defined for all / G H°°(R(j) by virtue of the 
regularizer e{z) ~ {z — A)~^, where Re(A) < u. 

Lemma 2.4. Let a> \, Re(A) < uj < ujq and f G H°°(R^). Then 

/(z)(^-A)-" G AMi(R<,J. 

Proof. After shifting we may suppose that = 0. Set h{z) := f{z){z — A)^" for 
z G C+. Then h{i-) G with 

hence the Paley- Wiener Theorem [121 Theorem 5.28] implies that ft, = 5 for some 
g G L^(R+). Then e-^^^^g G L-'^(R4_) and eZ^^^{z) — h{z + uo) for z G C+. Lemma 
[13] yields h G AMi(R^J with 

II'^IIamkr.^) = II'*(-+'^o)1Iami(c+) = l|e-'^offllLi(K+) • 

□ 

The Hille-Phillips calculus is an extension of the holomorphic functional calculus 
for operators of half-plane type, see [2] . An operator A is of half-plane type cjq G R 
if a ( A) C R^ with 

sup ||i?(A, A) II < 00 

AeC\Roj 

for all u! < uq. One can associate operators f{A) G C{X) to certain elementary 
functions via Cauchy integrals and regularize as above to extend the definition to 
all / G H°°(R(j). If —A generates a Co-semigroup of type (M, — wo) then A is 



6 



MARKUS HAASE AND JAN ROZENDAAL 



of half-plane type ujq, and by combining 2, Proposition 2.8] and [6] Proposition 
3.3.2] one sees that for lu < ujq and / e H°°(Rtj) the definitions of f{A) via the 
Hille-Phillips calculus and the half-plane calculus coincide. 

For a proof of the next, fundamental, lemma see 2, Theorem 3.1]. 

Lemma 2.5 (Convergence Lemma). Let A be a densely defined operator of half- 
plane type loq Cz R on a Banach space X . Let io < ujq and {fj)jeJ ^ H°°(R(^) be a 
net satisfying the following conditions: 

(1) sup {\fj{z)\ I z G Ru^,j e J} < oo; 

(2) f,{A) G £(X) for all j G J and snp^^j \\f,{A)\\ < <x; 

(3) f{z) := limjgj fj{z) exists for all z G Rw. 

Then f G H°°(R<^), f{A) G L{X), fj{A) f{A) strongly and 

\\f{A)\\<\imsup\\fj{A}\\. 

Let A be an operator of half-plane type ujq and uj < luq. For a Banach algebra 
F of functions continuously embedded in H°°(Rlj), we say that A has a bounded 
F-calculus if there exists a constant C > such that f{A) G C-{X) with 

(2.5) \\I{A)\\cix)<C\\f\\p 
for all / G F. 

The operator — ^ generates a Co-semigroup (T(i))tgR^ of type {M, uj) if and only 
if —[A + uj) generates the semigroup (e~"*r(t))teR+ of type (M, 0). The functional 
calculi for A and A -\- ui are linked by the simple composition rule "/(A -\- uj) = 
f{uj + z){A)" [6l Theorem 2.4.1]. Henceforth we shall mainly consider bounded 
semigroups; all results carry over to general semigroups by shifting. 

3. Functional calculus for semigroup generators 
Define the function ry : (0, oo) x (0, oo) x [1, oo] ^ R+ by 

(3.1) ri{a, i, q) inf | ||(^||^, \ ip * ip = e-a on [t, oo)| . 

The set on the right-hand side is not empty: choose for instance "0 ■= l[o,t]6-Q 
and if :— \e-a- By Lemma [A. II in the appendix, 

?7(a,i,g) =0(|log(ai)l) 

as at — > for q G (1, oo). 

For the following result recall the definitions of the operators from (|2.3p and 
from (12:4)) . 

Proposition 3.1. Let {T{t))t£K+ be a Co-semigroup of type (M, 0) on a Banach 
space X. Let p G [l,oo], t,lu > and fi G M_^(R+) with supp(/i) C [r, oo). Then 

(3.2) \\TJc(X) < MSiu;,T,p) ||ie.Mll£(LP(X)) ■ 

Proof. We can factor = P o ig^^t o t, where 
• l: X ^ LP(R; X) is given by 

.ix)is) := ixeX). 
10 if s > 
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P : LP(M; X) ^ X is given by 

Pf / v{t)T{t)f{t) dt if e LP(M; X)). 



• Tp £ LP(R+) and ip eh^ (M+) are such that tp * ip = e-^j on [r, cxo). 
This is deduced as in the transference principle from [9| Section 2], using that 
^ = (-0 * ip^e^^fj,. Holder's inequality then implies 

and taking the infimum over all such -0 and ip yields p. 21) . □ 

Now define, for a Banach space X, w £ R, p £ [1, oo] and r > 0, the space 
AMp,,(R„) := AM^,(R„) := {/ e AM^(R„) | f{z) ^ 0(e-^«°(^)) as \z\ ^ oo} , 
endowed with the norm of AM^(R^). 

Lemma 3.2. For every Banach space X, a; £ R, p e [1, oo] and r > the identity 

(3.3) AMJ^^(R„) = AMf(R„) n e_^H°°(R<^) = e_^AM^(R<^). 

holds. In particular, AMpjKi^) is a closed ideal in AM^(Rc^). 

Proof. The first equality in p.3p is clear, and so is the inclusion e_T-AMp(Rtj) C 
AMp_T-(R„). Conversely, if / G AMp(R„) n e_^H°°(R^) then e^/ £ AMp(R^) since 

,-("+-)/(c. + z.) ^e^-\\fiu; + ^■)\\ y 

Now suppose that {fn)n£N ^ AMp_T-(R^) converges to / £ AMp(R„). The Maximum 
Principle implies ||eT/ri|lH~(R^) = e™ ||/n|lH°°(R„): hence (e^ /„)„£« is Cauchy in 
H°°(R(j). Since it converges pointwise to Crf, (|3.3p implies / £ AMp.T-(Rtj). □ 

We are now ready to prove the main result of this section. Note that the union 
of the ideals AM^^(R^) for t > is dense in AMp{R^) with respect to pointwise 
and bounded convergence of sequences. If there were a single constant independent 
of T bounding the AM^^(R(^)-calculus for all t, the Convergence Lemma would 
imply that A has a bounded AMjf(R^)-calculus, but this is known to be false in 
general [H Corollary 9.1.8]. 

Theorem 3.3. For each p £ (l,oo) there exists a constant Cp > such that the 
following holds. Let generate a Co-semigroup (T(i))tgR^ of type (Af , 0) on a 
Banach space X and let t.uj > be given. Then f{A) £ C{X) and 

CpM2|log(wr)| II/IIama- i/wT<min(i,^), 
_2M2e-- ll/ll^j^. ' tfojT> min(i, i) 

for all f £ AM^^(R_(^). In particular, A has a bounded AMp .^(li^^)-calculus. 

Proof. First consider / £ AMi ,-(R_t^). Let £ M_tj(R+) be unit point mass at 

T. By Lemmas I3.2l and l2.3l therc exists /i £ M_^(R+) such that / = e^rt^ = St * H- 
Since 6r * & M_;^(M_|_) with supp((5t- * h) Q [t, oo). Proposition 13.11 and Lemma 
yield 

II fi A\\\ ^ )i^2^^, , _ ^^ II ^i|^ , 



(3.4) |1/(A)|| < 



(3.5) ||/(A)|| <AfV^,T,p)||/ 
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Now suppose / G AMp^r(R-w) is arbitrary. For e > 0, fc G N and z E K-ui 
set gk{z) := and fkA^) /(^ + + e)- Lemma [Ol yields fk,e G 

AMi .r(R_;^), hence, by what we have already shown, 

\\h,M)\\ < M^7^{uj,T,p)\\fkJj,^. . 

The inclusion AMi(R_ij) C AMp(R_tj) is contractive, so Lemma [2.31 implies that 
gk G AMp(R_^) with 

IISfcllAM^ < llffellAMi = ^ lle-fc|lLi(R+) = 1- 

Combining this with Lemma 12.21 vields 

||/fe,e|lAM^^ ^ + ^)\\aM^ \\9k{- + e)|lAM^ 

p p p 

^ II/IIam^' ■ 

In particular, sup^, ^ ||/fe_e||^ < cxd and supj. ^ ||/fe,e(^)|| < oo. The Convergence 
Lemma [2.51 implies that f{A) G C{X) satisfies p.Sp . Lemma [A. II concludes the 
proof. □ 

Remark 3.4. Because AMi(R_i^) = AMoo(R-lj) is contractively embedded in 
AMp(R_t^), Theorem 13.31 also holds for p = 1 and p = oo. However, A trivially has 
a bounded AMi-calculus by Lemma [2.31 and the Hille-Phillips calculus. 

Note that the exponential decay of \f{z)\ is only required as the real part of 
z tends to infinity. If \f{z)\ decays exponentially as \z\ — ?> oo the result is not 
interesting, by Lemma 12.41 



We can equivalently formulate Theorem 13.31 as a statement about composition 
with semigroup operators. 

Corollary 3.5. Under the assumptions of Theorem \3.3[ f{A)T{T) G C{X) and 

'cpAP\\og{^T)\e-- II/IIam- < min(i, i), 

2M^\\f\\^^. ' */wr>min(i,i) 

for all f G AM^(R_^). 



ii/(^mr)ii< 



Proof Note that f{A)T{T) = (e-./)(A) and ||e_,/||AMX - e""- II/IIam-- □ 



Additional results. As a first corollary of Theorem 13.31 we obtain a sufficient 
condition for a semigroup generator to have a bounded AMp-calculus. 

Corollary 3.6. Let —A generate a bounded Co -semigroup (T{t))teR^ C C{X) with 

U ran(T(r)) = X. 

T>0 

Then A has a bounded AMp{K^) -calculus for all uj < 0, p £ [1, oo]. 

Proof Using CoroUary|331 simply note that /(A)T(t) G C{X) implies ran(r(r)) C 
dom(/(yl)). An apphcation of the Closed Graph Theorem (using the Convergence 
Lemma) yields (|2.5p . □ 
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Theorem 3.7. Let p £ (l,oo) and Re(A) < < Iic{a),io be given. There exists a 
constant C ~ C'{p, a, A, w) > such that the following holds. Let — A generate a Co- 
semigroup (r(t))igK^ of type (Af, 0) on a Banach space X . Then don\{{A — A)") C 
doni(/(A)) and 

(3.6) \\f{A){A-\r^\\<CM^\\f\\^y,^ 
for all f G AM^(R_„). 

Proof. Since —{A — A) generates the exponentially stable semigroup (e'^*T(t))tgR_^ , 
Corollary 3.3.6 in [6] allows us to write 



M-A)-"x = -— / t°'~^e^'T{t)xdt ixeX). 
r(aj Jo 

Fix / G AMp(R_;j) and set a := ^ min . By Corollary 13.51 we can estimate 

/ t«-(")-iei^'=(^)* \\f{A)T{t)x\\ At < CM' II/IUj^x ||a;|| < oo 

where 

/•a /"OO 

C^cp ti^°(")-i|log(u;t)|e(«°(^)+-)* dt + 2 tRe(")-ieR-(^)* dt 



is independent of /, M, and x. Since f{A) is a closed operator, this implies that 
{A — A)^" maps into dom(/(A)) with 

(3.7) /(A)(A - A)-" = — - / p-ie^V(^)7^(0 dt 

r(a) Jo 

as a strong integral. □ 

Remark 3.8. Theorem 13.71 shows that for each analytic multiplier function / 
the domain dom(/(A)) is relatively large, it contains the real interpolation spaces 
{X, dom{A))g^q and the complex interpolation spaces [X, dom(^)]0 for all 9 G (0, 1) 
and q G [l,c«]. This follows from [Ml Proposition 1.1.4] and 6, Corollary 6.6.3] 
for real interpolation spaces and then from [T31 Proposition 2.1.10] for the complex 
interpolation spaces. 

Remark 3.9. We can describe the range of f{A){A — A)^" in Theorem 13 . 71 more 
explicitly. In fact, 

ran(/(A)(^ - A)"") C dom {{A - Xf) 

for all Re(^) < Re(a). Indeed, this follows if we show that ran(j4 — A)~" C 
dom((A - X)Pf{A)), and P, Theorem 1.3.2] implies 

dom((^ - XffiA)) = dom(/(A)) n dom ([(z - Xff{z)]{A)) . 

The inclusion ran((A— A)^") C dom(/(yl)) is contained in Proposition l3.7l Because 

[{z Xrf{z)]iA}{A A)-" = [(2 - A)^-"/(z)](A) = f{A){A - A)^-, 

the same holds for the inclusion ran((A - A)"") C dom ([(z - Xff(z)]{A)). 
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Semigroups on Hilbert spaces. If X = i/ is a Hilbert space, Plancherel's Theo- 
rem imphes AM^ = H°° with equahty of norms. Hence the theory above speciahzes 
to the following result, implying a) and b) of Theorem ll.il 



Corollary 3.10. Let —A generate a uniformly bounded Co-semigroup (T(t))tgR^ 
0/ type {M, 0) on a Hilbert space H . Then the following assertions hold. 

a) There exists a universal constant c > such that the following holds. Let 
T, cj > be given. Then f{A) G C{H) and 



11/(^)11 < 



cM2|log(a;r)| < \, 

2e-"- ll/IL 0JT>\ 



for all f e e_^H°°(R_„). And f{A)T{T) e C{H) with 

'cM2|log(c^T)|e"- 11/11^ */wT<i, 



ll/IL ^f oor>\ 



2 



ii/(^mr)ii< 

for aZZ/eH-(R_„). 

b) // 

y ran(r(r)) = H, 

T>0 

then A has a bounded calculus for all lo < 0. 

c) For ReA,w < < Re(a) there is C = C{a, A,a;) > such that 

\\f{A){A-X)-^\\<CM'\\f\\^ 
for all f e H°°(R<^). In particular, dom(A") C dom(/(A)). 

Part c) shows that even though semigroup generators on Hilbert spaces do not 
need to have a bounded H°°-calculus, each function / that decays with polynomial 
rate a > at infinity yields a bounded operator f{A). For a > \ this is already 
covered by Lemma [2.41 but for a e (0, i] it appears to be new. 

4. m-BOUNDED FUNCTIONAL CALCULUS 

In this section we describe another transference principle for semigroups, one that 
provides estimates for the norms of operators of the form /('"^(A) for / an analytic 
multiplier function and its m-th derivative, to S N. We use terminology from 
Section 5 of ^2). Moreover, we recall our notational simplification AMp(R(^) :— 
AM^(R<^) (Remark [311]). 

Let Lo < loq he real numbers. An operator A of half-plane type wq on a Ba- 
nach space X has a m-bounded Ay^^iYli^)- calculus if there exists C > such that 
/("'(A) e C{X) with 



f^^^{A) <C||/||amx for ah / g AM;(R„). 

This is well defined since the Cauchy integral formula implies that Z^™-* is bounded 
on every half-plane R^j' with uj' > uj. Moreover, A has a strong m-bounded AM^- 
calculus of type ujq if A has an w-bounded AM^(Ri^)-calculus for every lj < ujq and 
such that for some C > one has 
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for all / e AMp{Ru) and uj < ojq. 



Lemma 4.1. Let A be an operator of half-plane type ujq G M on a Banach space X, 
and let p € [1, oo] and m G N fee given. If A has a strong m-hounded AM^ -calculus 
of type cjQ, then A has a strong n-bounded AM^ -calculus of type cjq for all n > m. 

Proof. Let u! < a < (3 < ojQ and / G AMp(R(j) be given, and first consider arbitrary 
71 e N. Then 



f{a + ir) 



2711 Jjg. (a + ir - (/3 + is))"+i 



dr 



27ri 



(/(« + ^.), (a -/3 (s) 



for all s G R, by the Cauchy integral formula. Hence, using Lemma 12^ 



/(")(/3 + z-) 



<^ll("-/3-r"-NlLH: 



ll/(a + *-)lUp(x) 



< 



C 



{13 "^"am,(r.) 

for some C = C{n) > independent of /, /?, a and uj. Letting a tend to w yields 

C 



(4.2) 



(n) 



AMp(R,9) 



/(")(/? + *•) 



< 



11/11 



Now let n > m be given. Applying 
j(n-m) g AMj/R/,) with 



with n — TO in place of n shows that 



< 



(n— m) 



(^0 - 

Finally, letting /3 = i(w + i^o), 



< 



cc 



AMp(R^) - (a;o-/3)™(/3-a;)"- 



11/1 



AMp(R„) ■ 



< 



C" 



(wo - uj)^ 



llAMp(R„) 



for some C" > independent of / and uj. 



□ 



For the transference principle in Proposition lB.ll it is essential that the support of 
fj- G Mtj(R_|_) is contained in some interval [r, oo) with r > 0. In general one cannot 
expect to find such a transference principle for arbitrary ^, as this would allow one 
to prove that semigroup generators have a bounded analytic multiplier calculus. 
But this is known to be false in general, cf. [6l Corollary 9.1.8]. However, if we let 
tfi be given by (i/i)(dt) :— tfj.{dt) then we can deduce the following transference 
principle. We use the conventions l/oo := and cxd" := 1. 

Proposition 4.2. Let —A be the generator of a Co-semigroup (T(i))tgR^ of type 
(M, 0) on a Banach space X. Let p G [l,cx)], a; < and fi G Mt^(M^) be given. 
Then 



tfj.\ 



\UJ\ " 
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Proof. We can factorize Tt^ — P o Le_^^ o t, where l and P are as in the proof of 
Proposition 13.11 with ip,(p := Ir^Cuj. This follows as in the abstract transference 
principle from [9, Section 2], since (-0 * (p)e^^ii = tfi. By Holder's inequality, 

□ 

We are now ready to prove our main result on m-bounded functional calculus, a 
generalization of Theorem 7.1 in 2 to arbitrary Banach spaces. 

Theorem 4.3. Let A be a densely defined operator of half-plane type Q on a Banach 
space X . Then the following assertions are equivalent: 

(i) —A is the generator of a uniformly hounded Ca-semigroup on X . 



(ii) A has a strong m-bounded AM -calculus of type for some/all p G [1, 



ool 



and some/all m G N. 
In particular, if —A generates a uniformly bounded Co-semigroup then A has an 
m-bounded AM^iliuj) -calculus for all uj < 0, p G [1, c»] and m S N. 

Proof, (i) =^ (ii) By Lemma [4.11 it suffices to let to = 1. We proceed along the 
same lines as the proof of Theorem 13.31 Let (T(t))tgR_^ C C{X) be the semigroup 
generated by —A and fix w < 0, p G [1, oo] and / G AMp(R(j). Define the functions 
/fc,£ := /(• + e)5fc(- + e) for fc G N and e > 0, where gk{z) := for z G R„. 

Then fk,e & AMi(R(^) by Lemma and Lemma [Ol yields fik,e M^(]R+) with 
fk.e = Mfc^- Now 

fk,M = 1 = 1™ / Z Mfc,e(dt) 

-zt 



te ^MkA^i) = -t^kA^) 

for z G R[j , by the Dominated Convergence Theorem. Hence ^ {A) = —Tt^^ ^ , 
and Proposition 14.21 and Lemma 12.31 imply 



\\f'kAA)\\<j;^\P~''Apr"'' IIA,.IIam-- 

Furthermore, sup^ J|/fe,e||^j^x < II/IIam^^- particular, the fk,c are uniformly 
bounded. By the Cauchy integral formula, so are the derivatives ^ on every 
smaller half-plane. Since f'k^z) — > f'{z) for all z G R^j as A; oo, e 0, the 
Convergence Lemma yields f'{A) G J0{X) with 

1^1 

which is (|4.1I) for to = 1. 

For (ii) =^ (i) assume that A has a strong w-bounded AMp-calculus of type 
for some p G [1, oo] and some m G N. Then 

e-t 6 AMi(R„) C AMp(R^) 

for alH > and cu < 0, with 

^ II ^ II ^—tuj 



\f'{A)\\<—p-'/Apr'^''' ii/iiam- 



6-*IIam^-'(R^) - II'^-*IIami(r„) 
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Now (e_t)^"^ = ("O^e-t implies 

||e-*^|| < -^e"*". 

II II - |^|m 

Letting uj :— —j and using Lemma 2.5 in ^2^ yields the required statement. □ 

If X = _ff is a Hilbert space then Plancherel's theorem yields the following result, 
which is Theorem 7.1 in 151. It contains part c) of Theorem ll.il 

Corollary 4.4. Let A be a densely defined operator of half-plane type Q on a Hilbert 
space H . Then the following assertions are equivalent: 

(i) ~A is the generator of a uniformly bounded Co-semigroup on H . 

(ii) A has a strong m-bounded -calculus of type for some/each m € N. 
In particular, if —A generates a uniformly bounded Co-semigroup then A has an 
m-bounded Il°°(Ruj)- calculus for all to < and m G N. 

5. Semigroups on UMD spaces 

A Banach space X is a UMD space if the function t M> sgn(t) is a bounded 
L^(X)-Fourier multiplier. For a; e R we let 

(5.1) H^Rc) := {/ e H°°(R^) I (z - uj)f'{z) e H°°(R<,)} 

be the analytic Mikhlin algebra on R^, a Banach algebra endowed with the norm 

ll/llnr - ll/llHr(R.) ■■= l/WI + - (/ e Hr(R.)). 

zSRu 

The vector- valued Mikhlin multiplier theorem ^ Theorem E.6.2] and Lemma [2.21 
yield the continuous inclusion 

Hr'(Rc.) AMf(R„) 

for each p G (1, oo), if X is a UMD space. Combining this with Theorems 13. 3[ 13.71 
and 14.31 and Corollaries 13.51 and 13.61 proves the following theorem. 

Theorem 5.1. Let —A generate a Co-semigroup (T(t))tgR^ of type (Af, 0) on a 
UMD space X . Then the following assertions hold. 

a) For each p £ (1,cxd) there exists a constant Cp = c{p,X) > such that the 
following holds. Let r, a; > be given. Then f{A) G C{X) with 



CpM2|log(c.T)| II/IIhoo z/ c.T<min|i,i 
2cpM^e-^^ WfW^^ z/ c.T>min|i,ij 

for all f G Hf=(R_^) n e_^H°°(R_„), and f{A)T{T) G C{X) with 
CpM^ |log(wT)|e"^ II/IIh~ «/ < min. 

Cpl 



\\f{A)\\ < 



\\f{A)T{r)\\< 



2cpAf^ ||/||jj=o z/ wr > min 




for all f G Hf'(R_ 
b) // 



y ran(r(r)) = X, 



T>0 



then A has a bounded ll^(Ruj)- calculus for all ui < 0. 
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c) For Re A, w < < Rc(a) there is C ~ C{a, A, uj,X) > such that 

\\f{A){X-A)-^\\<CM'\\f\\^^ 

for all f e H!f(R^). In particular, dom(^") C dom(/(A)). 

d) A has a strong m-bounded H'^ -calculus of type for all ni G N. 

Remark 5.2. Part c) of Theorem 15.11 implies that each function / G H°°(R(j) such 
that f{z) — 0(|z|~") and f'{z) = Od^l"""""^) as \z\ — >■ oo yields a bounded operator 



Remark 5.3. To apply Theorem 15. II one can use the continuous inclusion 
(5.2) H°°(R^ U {S^ + a)) C HHRc') 

for w' > w, a G M and ip G (7r/2, tt]. Here Ri^ U {S^ + a) is the union of R^j and the 
translated sector S^p + a, where 

5^:={zGC| |arg(z)I<^}. 



Indeed, to derive (|5.2p it suffices to let a = 0, and using Cauchy's integral formula 
as in [BJ Lemma 8.2.6] yields the desired result. 

6. Gamma-bounded semigroups 

The geometry of the underlying Banach space X played an essential role in the 
results of Sections [3] and H] in the form of the analytic multiplier algebra AM^ . To 
identify non-trivial functions in AMjf one needs to know more about X, for instance 
that it is a Hilbert or a UMD space. In this section we take a different approach 
and make additional assumptions on the semigroup instead of the underlying space. 
We show that if the semigroup in question is 7-bounded then one can recover the 
Hilbert space results on an arbitrary Banach space X. 

For this section we assume the reader to be familiar with the basics of the theory 
of 7-radonifying operators and 7-boundedness as collected in the survey article by 
Van Neerven [T7] . We use terminology and results from |^ . 

Let if be a Hilbert space and X a Banach space. A linear operator T : H ^ X 
is ^-summing if 

1/2 

heF 



\\T\\^ := sup I E 



< 00, 



where the suprenium is taken over all finite orthonornial systems F <Z H and 
ilh)h£F is an independent collection of complex- valued standard Gaussian random 
variables on some probability space. We endow 

7oo(i?; X) -.^ {T : H X \ T is 7-summing} 

with the norm ||-||^ and we let the space j{H; X) of all ^-radonifying operators be 
the closure in jao{H; X) of the finite-rank operators H ® X. 

For /i) a measure space we let 7(51; X) (resp. ^oo{^\X)) be the space of all 
weakly L^-functions / : i7 — > X for which the integration operator Jf : L^(r2) — > AT, 



Jf{g) :^ g-fd^i {g eL^n)), 



In 

is 7-radonifying (7-summing), and endow it with the norm [|/||^ :— \\Jf\\^ 
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A collection T C C{X) is ^-hounded if there exists a constant C > such that 

2\ 1/2 / 2\ 1/2 



(6.1) 



E 



T£T' 



< C E 



for all finite subsets T' C 7", sequences {xt)t£T' ^ -'^ £^nd independent complex- 
valued standard Gaussian random variables {'Jt)ti£T'- The smallest such C is 
the J -bound of T and is denoted by [T]'''. Every 7-bounded collection is uniformly 
bounded with supremum bound less than or equal to the 7-bound, and the converse 
holds if X is a Hilbert space. 

An important result involving 7-boundedness is the multiplier theorem. We state 
a version that is tailored to our purposes. Given a Banach space Y, a function 
g :R ^ Y is piecewise W^-°° if 5 S W^'°°{R \ {oi, . . . , a„} ; Y) for some finite set 
{ai, . . . ,a„} C M. 

Theorem 6.1 (Multiplier Theorem). Let X and Y be Banach spaces and T : M ^■ 
C{X, Y) a strongly measurable mapping such that 

T:={T{s) |seR} 

is ^-bounded. Suppose furthermore that there exists a dense subset D C X such 
that s T{s)x is piecewise 14^1'°° for all x E D. Then the multiplication operator 



Mt ■■ 1?{M.)®X ^ L2(M;y) 
extends uniquely to a bounded operator 

Mt ■■ 7(L2(M);X) 

with \\mt\\ < in''- 



MT[f®x)^f[-)T[-)x 
7(L2(M);r) 



Proof. That A^t extends uniquely to a bounded operator into 700 (L^ (K) ; i^) with 
\\Mt\\ < ITT' is the content of Theorem 6.4 in 9 . To see that in fact ran(XT) ^ 
7(M;y) we employ a density argument. For x e D let ai, . . . , a„ G M be such 
that s 1— > T{s)x G H^i'°°(R \ {ai, . . . , a„} ; Y), and set oq := —00, a„+i :~ 00. Let 
/ G Cc(M) be given and note that 

for all J G {1, . . . , n}. Furthermore, 

ii/iIl^(-oo,.) \\T{syx\\ ds < ^. 

Corollary 6.3 in yields {lia,,a,^^)f)i-)T{-)x G 7(K; Y) for all j G {0, . . . , n + 1}, 
hence f{-)T{-)x G 7(K;y). Since Cc(K) ® D is dense in ® X, which in turn 

is dense in 7(L^(R); X), the result follows. □ 

We are now ready to prove a generalization of part a) of Corollary 13.101 Recall 
that 

e_,H°°(R^) = {/ G H°°(R„) | f{z) = 0(6"^ «°W) as \z\ ^ 00} 
for r > 0, w G M. 
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Theorem 6.2. There exists a universal constant c > such that the following 
holds. Let —A generate a ^-bounded Co-semigroup {T{t))teR^ with ^ -hound M := 
ITY^ on a Banach space X , and let t > 0, lu > be given. Then f{A) G JC{X) and 



11/(^)11 < 



'cM^\logiuT)\ 11/11^ tf0JT<^ 



for a?// e e_,H°°(R_„). 

In particular, A has a bounded e_T-H°°(R_^)-caZcuZus. 



Proof. We only need to show that the estimate p.2p in Proposition 13.11 can be 
refined to 

(6.2) IIT^II < AfV^,r,2)I|i,^^I|^(^(«^^)) 

for ^ G M_tj(lK+) with supp(/i) C [t, oo). Then one uses that 

l^e^/i||£(^(R;X)) - I|S"A'IIh~(C+) = II^IIh°°(R_^) 1 

by the ideal property of 7(L^(R);X) [91 Lemma 6.1], and proceeds as in the proof 



of Theorem 13.31 to deduce the desired result. 

To deduce (|6.2p we factor = P o L^^^ o t, where l : X ^ 7(R;X) and 
P : 7(R; X) ^ X are given by 

Lx{s) ■.^i^{-s)T{~s)x (a;GX,sGR), 

Pf:= / v{t)T{t)J{t)dt (/e7(M;X)) 
Jo 

for ip,(p G L^(R+) such that ip *(p = e-a, on [r, oo). This factorization follows as in 
Section 2 of [9] once we show that the maps l and P are well-defined and bounded. 
To this end, first note that s i— > T{—s)x is piecewise W^^°° for all x in the dense 
subset dom(A) C X and that 

^(— ) ®xe l2(r+) (g)X c 7(l2(r);X). 

Therefore Theorem 16.11 yields lx e 7(R, X) with 

\Vx\\^ = \\J.AU < M m-) ® x\\^ = M IIVIIl.(k^) Mx ■ 
As for P, write 



Pf= / ip{t)T{t)f{t)dt^JTf{ip) 

Jo 

and use Theorem 16.11 once again to see that Tf G 7(R;X). Hence 



WPfWx < WJTfW, Mlhr,) < M II/II, ■ 

Finally, estimating the norm of through this factorization and taking the infimum 
over all tp and (p yields (|6.2p . □ 

Corollary 6.3. Corollary \3.10\ generalizes to ^-bounded semigroups on arbitrary 
Banach .spaces upon replacing the uniform bound of T by |T]^. 



Theorem 14.31 can be extended in an almost identical manner to a 7- version. 

Theorem 6.4. Let —A generate a ^-bounded Co-semigroup on a Banach space X . 
Then A has a strong m-bounded -calculus of type for all ni G N. 
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Appendix A. Growth estimates 
In this appendix we examine the function t] : (0, oo) x (0, oo) x [1, oo] — > from 

r]{a, t, q) := inf | \\^\\^ \\ip\\^, \ ^ * ip = e-a on [t, oo)| . 

We win use the notation / < g for real- valued functions /, g : Z — > R on some set Z 
to indicate that there exists a constant c > such that f(z) < cg(z) for all z £ Z. 

Lemma A.l. For each q G (1, oo) there exist constants Cq,dq > such that 

(A.l) dg\\og{at)\ < ii{a,t,q) < Cg\\og{at)\ 

for all at < min < -, ^ > . For at > min \ -, -k > it holds that 
■I — {q' q' j {q' q' j 

(A.2) e-°'* <T]{a,t,q) <2e^°'K 

Proof. First note that r]{a, t, q) = //(at, 1, q) = 77(1, at, q) for all a, t and q. Indeed, 
for ip G L'?(R+), (p G L«'(R+) with. ip*ip = e_a on [l,oo) define V't(s) := j^ipis/t) 
and (fitis) := -nj^(p{s/t) for s > 0. Then 



Jo 

for all r > 0, so V't * V't = ^-a on [t, 00). Moreover, 

/•oo /"OO 



and similarly ||(/3t||q/ — \\v\\q/- Hence r]{a,t,q) < ri{at,l,q). Considering ipi/t and 
fi/t yields r]{a,t,q) = ri{at, l,q). The other equality follows immediately. 

Hence we can assume a = 1 for the first inequalities in (|A.1|) and (|A.2p . Let 
1I) G L'?(R+) and G L«'(R+) be such that -0 * </5 = e_i on [t, 00) for t <l. Then 

|log(t)| =-log(t)= / — <e/ e-'—=e |V'*<^(s)| — 
<e / / |-!/'(s — r)| • |c/j(r)| dr — 



t JO 

00 /"OO 



<e I I M£_Z)lds|^(r)|dr 





00 pOO 



s + r sm(7r/g) ^ ^ 

where we used Hilbert's absolute inequality [5J Theorem 5.10.1]. It follows that 

, , sin(7r/o) ,, , , , 
eTT 

Furthermore, 

e-* = ii; * < f'mt - s)Ms)\ds < \\M Wh 



for allt > by Holder's inequality, hence e * < 77(1, t,g). 
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For the other inequahties, assume t — 1 (so a > is arbitrary again). In the 
proof of Lemma A.l in [9^ it is shown that 



(■00 * <^o)(s) 

for 



s s £ [0, 1) 

1 s > 1 



V-o := PjMqhi.j+i) and ip^ := ^ /3j- 1/,- , 

where {Pj.i/q)j ^-nd (/3j.i/g')i ^.re sequences of positive scalars such that Pj^i/q — 
+ jy^^'^) and ^j-i/g. = 0((1 as j -> oo. Let V := e-aVo and 

95 := e_Q,(po- Then -0 * 1^9 = e_Q, on [1, 00) and 

00 j+i 00 



J=0 3=0 



+ J 



< 1 + / y-j— ds = 1 + e""? / — ds. 



The constant in the first inequahty depends only on q. For aq < 1 we can write 
IIV-II^ < l + e"« (^y" ^ds + y ^ds^<l + J ids + e"«y e^Ms 
= 1 - log(a9) + < log (i) + 2. 

For a < min |i, ^| it holds that ^ > g > 1, hence log (i) > log(g) > and 

log(^)+2<(l + ^)log(i). 

Therefore 

ll^ll,<log(i)'^' = |log(a)r/'^, 
for a constant depending only on q. In a similar manner we deduce 

ii'/'ii,- <iiog(«)r/'' 

for a constant depending only on q' (and thus on q). This yields (jA.ip . 

For the right side of (|A.2p let ipo € L^'p, 1] be such that c := <fo{s)ds ^ 
and let ipo{s) := i for s > 0. Set tp := e-c,ipo and ip := e_Q,(/3o- Then ip * tjj = e_a 
on [1, 00) and 

Via^,q)<{aq)-'/^ J''^''"' , 
Jo </'o(s)ds 

by Holder's inequality. Taking the infimum over all such ip, gives 

(A.3) ,ia,l,q)<^C 

with 

ll'^oe-alL- 



C := inf 



>PaeL'^'[0,l],J po{s)ds^O 
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Replacing ipo by Caipo yields 



Inserting this into (jA.3|) we derive (jA.2[) : 




|0^^oeL«'[0,l] =||ea|| 



Li[0,l] ~ 



( 



- 1 



aq 



) 



1/9 



77(a,l,g) < (e"'-l) 



-1/9 



< 2i/«e~" < 2e 



-a 



where we have assumed without loss of generality (because ri{a,t,q) — rj{a,t^q')) 
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